We define a homotopy relation between arrows of a category with weak equivalences, and give a condition under which the quotient by the homotopy relation yields the homotopy category. In the case of the fibrant-cofibrant objects of a model category this condition holds, and we show that our notion of homotopy coincides with the classical one. We also show that Quillen's construction of the homotopy category of a model category, in which the arrows are homotopical classes of a single arrow between fibrant-cofibrant objects, can be made as well for categories with weak equivalences using this notion of homotopy. We deduce from our work the saturation of model categories. The proofs of these results, which consider only the weak equivalences, become simpler (as it is usually the case) than those who involve the whole structure of a model category.
Introduction
In order to put our results into context, we found it appropriate to begin this introduction by recalling some thoughts regarding the theory of homotopical categories developed in [1, Part II] . The starting point of this theory is the significant observation ( [2, §1] , [1, 25] ) that the weak equivalences of a model category determine the homotopy theory. However, quoting still from [1] , "many model category arguments are a mix of arguments which only involve weak equivalences and arguments which also involve cofibrations and/or fibrations and as these two kinds of arguments have different flavors, the resulting mix often looks rather mysterious". This is the motivation for developing a theory of categories with a distinguished class of arrows called weak equivalences, of which we only ask that it contains the identities and the usual two out of three axiom, a theory which allows to isolate the arguments which involve only this class of arrows. It is in this spirit that the theory of homotopical categories is developed in [1, VI] . The main point of this paper is that this same philosophy can also be applied to the notion of homotopy and to the arguments used to prove Quillen's localization result [5, Theorem 1].
([1, 10.6])
. The homotopy relation in C cf is the relation: f ∼ g if and only if γf = γg in Ho(C cf ), and furthermore the induced functor C cf / ∼ −→ Ho(C cf ) is an isomorphism of categories.
In [1, 10 .3] a proof of 1.0.1 is given which refers only to the weak equivalences, by using the notion of deformation retract. However a proof of 1.0.2 is not given in [1] , furthermore it is described as "long and technical" and references to "good versions" which appear in four texts on model categories are provided instead.
In this paper, we will give a notion of homotopy with respect to a family of weak equivalences, and a very simple proof of the corresponding version of 1.0.2.
The paper is organized as follows. In Section 2 we recall the basic definitions of the theory of homotopical categories, and interpret the notion of localization and the notion of quotient of a category by a congruence between its arrows as the value on objects of two functors which admit adjoints. This will allow us to study in an abstract context the problem of, given a family of arrows Σ of a category C, finding a congruence R between the arrows of C such that its quotient is the localization with respect to Σ. We do this in §3.1: -We find equivalent conditions on Σ such that the desired R exists, and note that there is always a unique possible R. We call this R the relation of homotopy with respect to Σ, and note that one of the found conditions is the statement of a Whitehead theorem in this context.
-We say that an arrow splits if it is either a retraction or a section, and that a category with weak equivalences is split-generated if any weak equivalence is a composition of weak equivalences that split. The example in mind consists of the weak equivalences between fibrant-cofibrant objects in a model category, which as is well-known can be factored as a section followed by a retraction. We show that any split-generated category with weak equivalences satisfies the Whitehead condition mentioned above, from which our version of 1.0.2 follows. Note that by saying "our version of 1.0.2" above we mean that the homotopy relation considered is the relation of homotopy with respect to the weak equivalences introduced in this paper which, though a posteriori (that is assuming Quillen's localization result) must coincide with the usual notion of homotopy, it is a priori defined in a rather abstract way. Up to this point, one may say that what we have done is giving an answer (in terms only of the weak equivalences) to the question of why the homotopy category Ho(C cf ) is a quotient by a (uniquely determined) congruence: this is so because the family of weak equivalences in C cf is split-generated.
-What we do next is, still in the split-generated case, to give in §3.2 a concrete description of the homotopy relation. It turns out to be the transitive closure of a relation which consists of considering, in Quillen's definition of homotopic arrows, an arbitrary arrow instead of an identity. We consider in §3.3 a condition that is known to hold in the model category case under which this description is simpler, and we finally show in §3.4, without using Quillen's localization result, that for fibrant-cofibrant objects of a model category case this homotopy relation coincides with the classical one.
-We say that C is deformable into C 0 if there is a finite sequence of deformation retracts C 0 ⊂ C 1 ... ⊂ C. We show in §3.5 that in this case we can construct the localization of C in terms of the homotopy category of C 0 . Combining all our results, it follows a theorem for categories with weak equivalences, which yields Quillen's constructions and results mentioned above when considered for the case of model categories.
-We show finally that from our work it follows that, under some conditions, homotopical categories are saturated. Since these conditions are known to hold in the model category case, a proof of the relevant result that model categories are saturated is obtained which is completely different to the one in [5, I,5,Prop.1]. As far as we know, our conditions are also independent to the 3-arrow-calculus axiom which is used in [1, 11.3 ] to prove saturation.
Preliminaries

Categories with weak equivalences
We recall from [1] various definitions and constructions. 
Definition 2.1.3. Given a category with weak equivalences (C, W) and a subcategory C 0 of C, a left (resp. right) deformation of C into C 0 is a pair (r, θ) for which C r −→ C is a homotopical functor satisfying rC ∈ C 0 for each C ∈ C, and r 
2.2
The localization and the quotient adjunctions 2.2.1. The localization adjunction. Consider an arbitrary family Σ of arrows of a category C, on which we don't assume any conditions right now. We denote the localization functor in this case by
If we now consider the poset A C of families of arrows of C as a category, by the universal property of the localization we have a functor A C P −→ C ↓ Cat into the comma category of categories under C. We also have a functor C ↓ Cat I −→ A C which maps a functor F to the family of arrows {f | F (f ) is invertible}, and the universal property of the localization states precisely the adjunction P ⊣ I.
The quotient adjunction.
We recall ([4, II.8]) the construction of the quotient of a category C by a precongruence R. By a precongruence R we mean for each pair of objects A, B binary relation R A,B on C(A, B), which we will denote also by R if there is no risk of confusion. Note that precongruences are a poset, with componentwise inclusion, and thus form a category P C . A precongruence R is a congruence if it satisfies simultaneously: 1. Each R A,B is an equivalence relation 2. R is closed by composition: given f Rg it holds vf u R vgu for any arrows u, v such that the compositions can be made.
The quotient of C by R is a functor C Q R −→ C/R which universally identifies related arrows of C, and C/R is constructed by taking the quotient of the sets C(A, B) by R ′ , the least congruence which contains R, see [4, II.8] for details. We only note, since we will use this fact later, that R ′ can be constructed as follows: first we close R by composition, by defining R c :
Then, for each A, B, R ′ A,B is the least equivalence relation that contains R c A,B . It is an easy exercise that R ′ is in fact a congruence. It is immediate from the universal property of the quotient that this construction can be extended to a functor
we have the congruence K F given by its kernel pair, which relates two arrows of C if and only if they are mapped to the same arrow by F . It is also immediate to extend this construction to a functor C ↓ Cat K −→ P C , and the universal property of the quotient Q R states precisely the adjunction Q ⊣ K.
The unit η R of the adjunction is the inclusion R ⊆ K Q R . Note that, by the construction of Q R , we have that R is a congruence if and only if R = K Q R , i.e. if η R is an isomorphism in P C . It is immediate to show from these facts that K Q R is the least congruence which contains R. Also note that the counit ε F of the adjunction is given by the image factorization C/K F −→ D of C F −→ D, and F is a strict epimorpfism if and only if ε F is an isomorphism.
3 Homotopy in a category with weak equivalences 3.1 The homotopy relation and the Whitehead condition 3.1.1. Let (C, W) be a category with weak equivalences, and R a precongruence in C. Motivated by 1.0.2, we want to study the problem of giving conditions such that C/R is isomorphic to Ho(C) (as objects of C ↓ Cat). Also, we want to study the problem of the existence of a precongruence R such that the above holds. Note that, by the construction of C/R, it suffices to consider the case in which R is a congruence. In view of 2.2.1, 2.2.2, we found it convenient to deal with this in the following general situation.
C be a pair of adjunctions of functors. We denote by η, ε the unit and counit of L ⊣ R, and by η ′ , ε ′ the unit and counit of F ⊣ G. Let A ∈ A, C ∈ C. We consider a pair of morphisms of B, F C ϕ + + l l ψ LA , and its corresponding morphisms of A and C via the adjunctions: 
Analogously, it can be seen that the composition ϕψ is the identity if and only if the diagram above on the right commutes. We have shown: We now consider only C ∈ C, and give conditions on the existence of A. 
LRF C
3. There exists C By the formulas in (3.1.2), since ψ and ψ are isomorphisms, then so is η A .
Remark 3.1.7. From the proof of 1 ⇒ 2 above, it follows that if A satisfies condition 1 then ψ is an isomorphism between A and RF C.
We now go back to our situation in 3.1.1. We will apply our results to the pair of
Notation 3.1.8. To avoid the appearance of too many subindexes, for any precongruence R we will denote the family of arrows I Q R by σR, and for any family of arrows Σ we will denote the congruence K P Σ by ρΣ. Also, for arrows f, g of C, we will write f ∼ Σ g to denote that f is related with g via ρΣ. Note that by definition we have:
From proposition 3.1.5 it follows: Corollary 3.1.9. For any precongruence R in C, and any family Σ of arrows of C, Q R and P Σ are isomorphic in C ↓ Cat if and only if Σ ⊆ σR and R ⊆ ρΣ.
For a category with weak equivalences (C, W), note that to state that Q R and P W are isomorphic in C ↓ Cat means that there is a commutative diagram
in which ϕ and ψ are mutually inverse functors induced by the universal properties of the involved constructions (cf. 1.0.2). From Proposition 3.1.6 it follows:
Corollary 3.1.10. For any family Σ of arrows of C, the following statements are equivalent:
1. There exists a congruence R such that Q R and P Σ are isomorphic in C ↓ Cat.
2. P Σ is a strict epimorphism.
3. Σ ⊆ σρΣ.
Remark 3.1.11. From Remark 3.1.7, it follows that ρΣ is the unique congruence which may satisfy condition 1. By the construction of C/R, we have that it is also equivalent to ask in item 1 above for the existence of a precongruence R (and in this case ρΣ will be the least congruence which contains R).
Remark 3.1.12. Note that by definition the item 2 above states that the induced functor C/ρ Σ −→ Ho(C) is an isomorphism of categories. Since by construction this functor is the identity on objects (thus surjective), and it is faithful, then condition 2 is equivalent to stating that it is full, i.e. that any zigzag of arrows of C as in Definition 2.1.4 is in the same class as a zigzag of length one.
Let (C, W) be a category with weak equivalences. By analogy with the classical case, we make the following definition Definition 3.1.13. We define the relation ρW as the homotopy relation, we denote it also by ∼ W , and when f ∼ W g we say that they are homotopical arrows. By the homotopical class of an arrow, we refer to its class in C/ ∼ W .
Remark 3.1.14. Note that, for any pair of arrows f, g, we have that f ∼ W g if and only if, for any functor C F −→ D which maps the weak equivalences to isomorphisms, we have F f = F g. This is an alternative definition of the homotopy relation ρW which doesn't require a construction of the localization, however assuming the existence of the localization simplifies the proofs. −→ B is a fibration and a weak equivalence then it is a section. Using axiom M2, it follows that any weak equivalence between fibrant-cofibrant objects can be factored as a section followed by a retraction, both of them weak equivalences. Note that this fact is used in [3, Proof of Th. 1.10] in order to prove Whitehead's theorem for model categories. Proof. We consider it instructive to show that in this case (C, W) satisfies both the condition 2 and the condition 3 of Corollary 3.1.10.
To show condition 2, by Remark 3.1.12 it suffices to show that any backward arrow is equivalent, by the relation described in Definition 2. 
Since any weak equivalence is a composition of finite such s and r, we conclude. To show condition 3, it suffices to show that weak equivalences that split are homotopical equivalences. By the two out of three property, we can consider a pair of weak equiva-
−→ X such that rs = id X , and it suffices to check that sr ∼ W id Y , i.e. that γ(sr) = id Y . Since srs = s, we have γ(srs) = γ(s) from which the desired equality follows because γ(s) is an isomorphism.
Let C cf be the full subcategory of fibrant-cofibrant objects of a model category C, we denote by the same letter W the family of weak equivalences when restricted to C cf . By the result in Example 3.1.19, (C f c , W) is split-generated and thus we have: 
A construction of the homotopy relation
We fix throughout this subsection a split-generated category with weak equivalences (C, W). We will give a concrete description of the homotopy relation ∼ W in this case. We denote by ∼ ℓ , resp ∼ r , the least congruence that contains R ℓ , resp. R r . When f ∼ ℓ g, resp. f ∼ r g, we say that f and g are left, resp. right homotopic.
Note that f R r g if and only if f R ℓ g when considered in the opposite category with weak equivalences. We will consider many times below only the relation of left homotopic arrows, but dual "right" statements which we omit always hold with dual proofs. 
Item 2 is immediate, and since (C, W) is split generated we may assume that f in item 1 is split, we have thus B g −→ A, which by axiom 2 out of 3 is also a weak equivalence, such that either
We can construct ∼ ℓ and ∼ r as follows (recall 2.2.2). Since R ℓ already satisfies that for any A 
) if and only if there is a commutative diagram of the form on the left (resp. on the right)
in which σ (resp. s) is a weak equivalence.
Remark 3.2.5. Quillen's definition of homotopic arrows in [5, I,1,Def. 3] consists of demanding in addition to the above that C = A, α = id A (resp. C = B, β = id B ). We will see below that for fibrant-cofibrant objects of a model category both notions coincide.
Note that R c ℓ is clearly a reflexive and symmetric relation, thus ∼ ℓ will be its transitive closure. This is already an explicit description of ∼ ℓ , and thus of ∼ W :
f ∼ W g if and only if we have a finite
In the model category case, however, more can be done, and Quillen shows that his homotopy relation is transitive when A is cofibrant by constructing a new homotopy whose cylinder object is obtained by gluing the cylinder objects of two composable homotopies, see [5, for details. Unfortunately, as far as we can tell, there is no reasonable axiom we can impose on (C, W) which would allow to mimic this construction. However, we could find a condition on the homotopy relation, which is known to hold in the case coming from model categories, that ensures that R c ℓ is already transitive and thus it is already the congruence ∼ ℓ . We show this in the following subsection.
The "common fork" condition
We consider the structures which take the place of cylinder and path objects ([5, I,1,Def.4]) for categories with weak equivalences. 
, in which σ and α are weak equivalences. Let But note that the following statement can also be shown for fibrant-cofibrant objects in a model category (see [3, II, Cor. 1.9] for a proof): for any cylinder object, left homotopic arrows admit left homotopies with respect to that cylinder object. It is this condition (actually, a weaker one in which we ask for a common fork only for each two pairs of homotopic arrows) which will allow us to prove the transitivity of the relation R c ℓ in our case. We note that this procedure (together with Proposition 3.4.3) also yields a different proof of the transitivity of the homotopy relation in the model category case. 
B ∈ C. A right fork of weak equivalences with vertex B is a commutative diagram of the form
B d 0 ❄ ❄ ❄ ❄ ❄ ❄ ❄ ❄ d 1 ❄ ❄ ❄ ❄ ❄ ❄ ❄ ❄ C s o o β B ,arrows A f,g,f ′ ,g ′ −−−−→ B such that f R c ℓ g, f ′ R c ℓ g ′ (resp. f R c r g, f ′ R c r g ′ ),
they admit two homotopies with respect to a common fork of weak equivalences. More explicitly, there exist two commutative diagrams as on the left (resp. on the right) below
in which σ and α (resp. s and β) are weak equivalences. 
We apply the "common fork" condition with the hypothesis
We have thus the two diagrams in the left below, from which we construct the diagram on the right
The diagram on the right expresses, by definition, the fact f 1 R c r f 3 (note that ∂ 1 is a weak equivalence since α and σ are so). Now, an argument dual to the above, applied to the hypothesis f 1 R Remark 3.3.7. Let us say that (C, W) satisfies the "fork" condition, which is weaker than the "common fork" condition, if given arrows A 
The equivalence between the two notions of homotopy for a model category
Let C be a model category, we consider in C f c the relation ∼ ℓ , recall that it equals R c ℓ . We will show that it coincides with Quillen's notion of left homotopic arrows. 
in which all the objects are fibrant-cofibrant. We use axiom M2 and factorize σ as
Note that D is also a fibrant-cofibrant object. Since i is a section (see Example 3.1.19), let r be its retraction. We have thus the commutative diagram
in which p is a fibration as desired. 
, in which we may assume σ to be a fibration and a weak equivalence by Lemma 3.4.1. Using axiom M2 (see Example 3.1.19), we construct a cylinder object for A, A ∐ A
and using axiom M1 we have Recalling Definition 2.1.3, we note that a deformation of C into C 0 is a pointwise deformation in which r is a functor. We also denote deformations by r : C C 0 . In the previous definition, note that: -If rf is a weak equivalence when f is so, then when the backwards arrows of P are weak equivalences, so are the ones of rP .
-If in addition all the arrows rX rf −→ rY belong to a subcategory C 0 , then rP is a zigzag of arrows of C 0 .
Remark 3.5.5. Recall the definition of the homotopy relation between arrows of C, f ∼ W g if and only if γf = γg, we have also the relation ∼ W 0 of homotopy in C 0 , which relates two arrows f, g if and only if γ 0 f = γ 0 g. Either by the definition of the equivalence relations in Definition 2.1.4, or by the universal properties involved, it is easy to see that when two arrows (or more generally two zigzags) of C 0 are related by the equivalence relation defining Ho(C 0 ), then so are they by the one defining Ho(C) when considered as zigzags of arrows of C. We have thus that f ∼ W 0 g implies f ∼ W g, but the other implication doesn't necessarily hold. Note that, in the hypothesis of previous remark, we can consider the class of rP via the relation defining Ho(C 0 ) or Ho(C), and this yields two arrows of Ho(C) which are a priori different.
We consider in what follows a left pointwise deformation r of C into C 0 . As usual, there are dual versions for a right pontwise deformation which we omit. 
in which ϕ and ψ are mutually inverse functors, given by "conjugation with the arrows θ": more precisely, both functors are the identity on objects and satisfy
is the localization of C with respect to W. Definition 3.5.9. We say that C is (resp. pointwise) deformable into C 0 it there is a finite sequence of (resp. pointwise) deformations
for each arrow X f −→ Y we denote by rX rf −→ rY the arrow r n ...r 2 r 1 f , and for each X we denote by θ X the zigzag from rX to X constructed from the (θ i ) X . Remark 3.5.10. As in Definition 3.5.1, in the definition above we have by the two out of three property that rf is a weak equivalence if and only if f is so.
We note that Lemma 3.5.6, Definition 3.5.7 and Corollary 3.5.8 hold for a C which is pointwise deformable into C 0 with the exact same formulations. Proof. By item 2 in Corollary 3.1.10, for each zigzag of arrows of C 0 there is a zigzag of length one which is in the same class by the equivalence relation defining Ho(C 0 ) (see Remark 3.1.12). Remark 3.5.5 finishes the proof.
Combining Corollary 3.5.8 and Lemma 3.5.11, we have that if C is pointwise deformable into a C 0 which satisfies Whitehead, the functor C γr −→ Ho(C, r) is the localization of C with respect to W and that each arrow X −→ Y of Ho(C, r) is given by the class of a single arrow rX −→ rY under the equivalence relation ∼ W . The reader should be aware that, in the case in which C is a model category, the relation ∼ W doesn't necessarily coincide with Quillen's notion of homotopy as we don't have the Whitehead condition for C, only for C f c .
That is the reason why this is as far as we can go, for categories with weak equivalences, with the notion of pointwise deformation. It is for showing that the relation ∼ W coincides with ∼ W 0 when restricted to arrows of C 0 that we will assume the functoriality of r, note that the following proposition follows from [1, 3.3,iv)] but we found it pertinent to give a proof.
Proposition 3.5.12. If r : C C 0 is a deformation, then for arrows f, g of C 0 , f ∼ W g implies f ∼ W 0 g and thus both relations coincide in C 0 .
Proof. Recalling Remark 3.1.14, Let C 0 F −→ D be a functor which maps the weak equivalences to isomorphisms, and consider C Proof. For an arrow f of C, by definition if γ r (f ) is an isomorphism then so is γ 0 (rf ), thus by Proposition 3.3.9 rf is a weak equivalence and by Remark 3.5.10 so is f .
In the model category case we have the deformations C Q C c R C f c and C R C f Q C f c (see [1, 10.3] ), and thus by Example 3. 
